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VARIATIONAL APPROACH TO CONSTRUCTING
HYPERBOLIC MODELS OF TWO-VELOCITY MEDIA

S. L. Gavrilyuk and Yu. V. Perepechko! UDC 530.1, 531.31

A generalized Hamilton variational principle of the mechanics of two-velocity media is
proposed, and equations of motion for homogeneous and heterogeneous two-velocity continua
are formulated. It is proved that the convezity of internal energy ensures the hyperbolicity of the
one-dimensional equations of motion of such media linearized for the state of rest. In this case,
the internal energy is a function of both the phase densities and the modulus of the difference
in velocity between the phases. For heterogeneous media with incompressible components, it is
shown that, in the case of low volumetric concentrations, the dependence of the internal energy
on the modulus of relative velocity ensures the hyperbolicity of the equations of motion for any
relative velocity of motion of the phases.

Introduction. At least three approaches to constructing mathematical models of two-velocity media
are known at present. The averaging method is used most widely, especially to constructing models of motion
for heterogeneous two-velocity media. A distinguishing feature of heterogeneous media is that each phase
occupies only part of the volume of the mixture, unlike in homogeneous mixtures, in which each phase is
uniformly distributed over the entire volume of the mixture. Applying an appropriate averaging operator to
the equations of conservation of mass, momentum, etc. that are valid within each phase, one obtains averaged
equations of motion. The main problem that arises in this approach consists in closing the resulting system:
the system contains more unknowns than equations. Different experimental and theoretical assumptions on
the flow structure, the mechanism of interaction between the phases, etc. [1-3] (see also a review [4]), are used
for closing. As was noted by many authors [5, 6], if the pressure in the phases coincide, the corresponding
equations of motion in a nondissipative approximation turn out to be nonhyperbolic even when the relative
difference between the phase velocities is slight. This means that the Cauchy problem for the corresponding
nonlinear equations of motion is incorrect.

In [7-9], hyperbolic (nonequilibrium in pressure) models of two-layer liquid flows were obtained by
the averaging method. For closure of the equations of motion, a series of hypotheses relating the pressure
and velocity at the interface between the liquids to their average values in the layer were invoked [7], or the
process of mixing of the liquid at the interface was taken into account by introducing a third liquid layer
[9]- An interesting two-velocity model of a bubble liquid which takes into account oscillations of bubbles is
proposed in [10]. In the approximation of an incompressible liquid and a small bubble concentration, the model
is hyperbolic for a low relative velocity of the bubbles and gives steady wave modes. Interesting hyperbolic
models are also proposed in [11-14]. Their hyperbolicity was reached using closing relations, which are usually
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specific to the type of flow or by introducing additional “artificial” terms in equations to predict the correct
mechanism of interphase interaction.

The second method, known as the Landau method of conservation laws, was originally used to construct
models of quantum liquids — superfluid helium [15-17]. The essence of this method is that the requirement
that the laws of conservation of mass, momentum, energy, and entropy be satisfied, supplemented by the
Galilean principle of relativity, allow one to completely determine the equations of motion of a two-velocity
medium. Recently, this approach was used to construct the equations of motion of classical liquids — two-
velocity hydrodynamics {18-22]. In particular, in {19}, the corresponding equations of motion of a two-liquid
medium in a nondissipative approximation are also hyperbolic for the case where the pressures in the phases
coincide.

Finally, an effective method of obtaining the equations of motion of two-velocity media is the variational
method [23-29]. As a rule, the varied functional is the operation after Hamilton: the Lagrangian of a system is
the difference between the kinetic and potential energies of the system. Actually, it is not possible to separate
the total energy of a two-velocity continuum into kinetic and potential energies. Formal separation of the
energy into kinetic and internal energies is ambiguous but, at any definition, the internal energy is a Galilean
scalar, which can depend not only on thermodynamic variables but also on the modulus of the velocity of
relative motion of the phases w. In this case, the variational approach changes significantly. The Lagrangian of
the system must be formulated as the difference between the kinetic energy and the thermodynamic potential,
which is related to the internal energy by a partial Legendre transform with respect to the variable w.

The fact that the Lagrangian of a two-velocity system must include additional terms that depend on
the modulus of the relative velocity was pointed out in some particular cases (flow of a liquid with gas bubbles)
in (24, 26-28]. The hyperbolicity of the resulting equations for a low relative velocity of phases is proved in
(27, 28].

We derive the equation of motion for a two-velocity continuum on the basis of the generalized Hamilton
principle, requiring convexity of the internal energy with respect to the sought variables [30]. In particular,
convexity of internal energy, indicating thermodynamic stability of the medium, ensures hyperbolicity of the
equations of motion of a two-velocity medium linearized on a zero hydrodynamic background.

1. Variational Approach to Describing Two-Velocity Media. We consider a two-liquid medium
that is characterized by velocities uy and u; and densities p; and p; of its components and internal energy
U. A fundamental difference between a two-velocity medium and a single-velocity medium is the dependence
of internal energy on velocity: the internal energy U depends on the modulus of the Galilean invariant — the
relative velocity w = uz —u;. The presence of this dependence changes the variational principle qualitatively.

Elementary Example. We consider a weight on a nonlinear spring. The equations of motion have the
form

d .. O0F(z)
:i_t- p(.’t) + 9z =0,

where p(z) is the momentum of the weight and F(z) is the potential of the spring. The integral of the energy
and the Lagrangian have the form

E=ip(s) - [ply)dy + F(z),  Liz,4) = [ ply)dy — F(z).

It can easily be seen that they are related to one another by a partial Legendre transform with respect the
variable z:

E=zL;—~ L.

From the last relation it follows that the natural variables for the energy E are the variables z and p,
and not the variables z and z, F = E(z, p).

Variational Principle of the Mechanics of a Two-Velocity Medium. The total energy of a two-velocity
system is written in standard form E = p|u;|?/2 + p2|uz|?/2 + U.

The energy of the system E is usually divided into kinetic and internal energies. This is achieved by
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conversion to a moving system in which the elementary volume of the continuum is at rest. The total energy
of the medium in this system is assumed to be the internal energy of the medium U. For two-velocity media
there is no coordinate system in which motion can be eliminated. As a consequence, the use of the standard
definition of internal energy leads to the dependence of the Galilean invariant — the modulus of the difference
between the velocities of the medium component w = uz — u;.

Thus, the internal energy U of a two-velocity medium is a function of additive independent
thermodynamic parameters, including the relative momentum i — a Galilean invariant thermodynamic
variable that is conjugate to the velocity w:

U = U(pr, p2, lil)-

In the adiabatic approximation adopted there is no dependence on entropy.
Using a Legendre transform, it is possible to introduce the thermodynamic potential W =
W(pl » P2,y lwl).
W=U-(iw), W= (1.1)
Knowing the thermodynamic potential W as a function of p1, p2, and |w], it is possible to define the
internal energy of the system:

. aw . ow
U"—'W'I"(I,W)-—W—(-a—;, W), l——-av. (12)
Definitions (1.1) and (1.2) can be represented as
WeU-iv, U=sWa+iw, i=lil, w=|w], i=-2 w»=9
ow oi

The example of the weight-spring system shows that in order to formulate an analog of the Hamilton
principle of least action for a two-velocity continuum, it is necessary to consider the Lagrangian of the two-
velocity system

L = p1u1%/2 + p2|u2|®/2 — W (p1, p2, |[W])- (1.3)

Lagrangian (1.3) allows one to formulate the variational principle of the mechanics of a two-velocity
medium:

4 2 2
prlmf® | paluaf® ) _
5!}2[( S+ 22U W (o1, . [w]) ) dxdt = 0. (1.4)
1

Generalized Variational Principle. In the general case, the internal energy of complex media U can depend
on the time derivatives of thermodynamic variables, the modulus of the Galilean invariant w, etc. (see, for
example, [31], where examples of media whose internal energy depends on the total derivative of density with
respect are given.

The variational principle for these media should be formulated on the basis of a functional that
represents the difference between the kinetic energy of the system K and the thermodynamic potential W.
The latter is related to the internal energy of the system U by a partial Legendre transform with respect to
the variables {, which are conjugate to the time derivatives:

ty
oW
at[}l(K—W)dxdt_o, U=W- 55t

2. Variational Approach to Describing Two-Velocity Homogeneous Media. We consider
two mixed liquids whose motion is characterized by their velocities u; and uz, densities p; and p2, and
internal energy U. The word “mixed” means that the volumetric concentration of the material is not a sought
parameter, i.e., each component occupies the entire volume of the mixture equivalently with the others. Such
multiphase media are called homogeneous media.
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We consider the case of a mechanical system where the entropies of the media are not sought parameters.
In addition, we ignore the dependence of energy on derivative thermodynamic values. We are interested in
the equations of motion of the medium in which the internal energy depends on the relative velocity.

Variational Principle and Conservation Laws. The Hamilton principle of least action for a two-velocity
homogeneous continuum is written in the form (1.4):

iy
1 1
5// (5 pjwml® + 5/)2|!12|2 - W(Pl,m,w)> dxdt = 0. (2.1)

R
Here the potential W (pj, p2, w) is related to the volumetric internal energy of the system U(pi, p2,%) by the
partial Legendre transform (1.1) and (1.2).
As restrictions to (2.1) we add the equations of conservation of mass for each phase:
g . 9p2
My = % +div(pm) =0, My =22 + div(poug) = 0. (2.2)

Introducing Lagrangian multipliers ¢1(t,x) and ¢2(t,x), we consider the Lagrangian of our system L,
determined with accuracy up to the divergent term:

_ 1 2 dl‘Pl) (1 g daps
L= (5wl = =) 4 pa (5 lual - ZE) — W (51, 0, w) (23)
Here the operators d;/dt are given by the formulas
d; d
pimlrT + (u;, V). (2.4)

For simplicity, we shall use Cartesian coordinates {z*}, k = 1, 2, 3. Summation is performed over recurring
indices.

For each phase, we introduce Lagrangian coordinates {¢*} and {n%} (a, b= 1, 2, 3):

ot r 9¢° 617 k 37)

6t+16k 0, 6t+26 =0. (2.5)

We designate

a 66 b ar’b a __ o€ b _ a’]b E dzF E _ az*
=25 m=75 =370 =70 Tao= e S = G (2.6)

Where the context is clear, we shall write x"‘a or zf‘b, omitting the dependence on £ or 5. From (2.5), (2.6) we
obtain the relations

uk Auk :
k 1 _ .k 1 _ ik
=% g = T aEs = TMiTater )
Auk ouk :
k bk 2 k& 3 _ k
Uz = =M T b(y)> }%t? = T b(n)» an’, = "“%I,b(r/)‘

We consider the Lagrangian L given by formula (2.3) as a function of the variables {7, {5, e, nf’k, @1t
P1.k> P2t P2,k P1, and pa. The subscript t denotes the partial time derivative 9/0t.
We define the variational derivatives

L__&__.fi(é_ff.)__é_(_é’i) L=££__2(2£)__f"_(2£)
“Toee T ot \og) 9z \ogs ) "ot T ot \agt) o<k \agh )

_ 6L Bp, k _6L 1, o dipi OW
5% ot a Sk (pius), P80 2 ui dt o

Equating them to zero and eliminating Lagrangian multipliers, we obtain the required equations of motion.

Ly,
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The invariance of the Lagrangian with respect to shifts in spatial variables leads, according to the
Noether theorem [32], to divergence of the expression

am EganG + fl,meb + 1, mL(;} + 592.me2 + Pl.mLpl + pZ,mLp2

(e g, 2, L)
at ™ OER ~m on; g~ Op1t $2m Opat
o ( .. 0L , oL oL oL ).

The invariance of the Lagrangian with respect to shifts in time leads to divergence of the expression
(the minus sign is used for convenience):
&=~ ‘ffL ~niLy— 1Ly — Lo, — prely, — p2tLy,,
oL y OL aL aL
_ L)
= 5% (5: aﬁg +m e A TP Bon + pat E

oL ,,aL oL oL

(2.9)

The divergence of (2.8), (2.9) can be verlﬁed by dlrect ca.lcula.tlons.

Since the variational derivatives vanish, Eqs. (2.8) and (2.9) are conservation laws: Eq. (2.8) is the law
of conservation of the momentum j = pyju; + p2uz and Eq. (2.9) is the law of conservation of the energy E.
We derive an explicit form of Eqgs. (2.8) and (2.9) in terms of the sought variables.

From the definition of the variational derivatives, we obtain

1 d d
P1Lpy + p2Ly, = pi (5 Jup |? = “p’) + pz( ugl? - _2_‘/2)

dt dt
ow ow aw ow
- O fW-W=1L- ( AL W)‘
2 il v S Pl vm
Hence it follows that on the extremal the following equality holds:
ow ow
L= p15—+pza—p;-W. (2.10)

We designate w* = u’z‘ — u¥. Using relation (2.7), we have

ow ow
fm 35: E?m{plulk(-zfa) - 510—,;35; + Pl‘Pl,kz,ka} = p1uim + 5o = P1PLm,

oL _ oW _ L oL
7lm a 5 = p2uU2m awm £2¥2,m, Pi,m asau = ¥Y1i,mpP, —P2,m 53— a(P2 = Y2,mp2,

; ow ; : oW
ém 36“ = —6;',"{#1%(‘"?3:.;) = 5t ujzl,) - val,i(—ufzfa)} = pruimus + 5w—mulf - P1o1,muf,

aL ¢ OW E
7] ,m a b = pRU2mUq — Jw™ Uy — P2¢P2,mUq,
oL ok oL ot
P1,m a‘P.l,.k P1¥1,mlUy, P2,m 390 n P2P2,mUs.
Then, Eq. (2.8) leads to the following equation for the total momentum of the medium:
0 0 r OW k
Im = N (p1v1m + p2uzm) + 3F (Plulmulf +puamup — =2 w' + L5m> = 0.

It is obvious that the introduced Lagrangian function L coincides with the thermodynamic definition of the
pressure in the system.

688



Using relation (2.10), we write

ow ow ow .
= (Plul + pauz) + dIV(Plul @u; + pau2 @ u; — T® + (Pl £ + p2 B ”’>1> =0, (2.11)
where ® is a tensor product and I is a unit tensor.
Similarly,
€aa = ‘u|2+§_"_v_u b 9L _ _
b 6L lus? -(?Ku o oL _
Nt an asp = P2]u2 ok 2 P2P2,kU3,s P —3902: = —p2p2,
aL aw oL
& a6, = plwPuf + 5 Fe uiuf — proriviut, o onn —pupiuf,

p OL [ug)?uf — a‘/Vu uk ubuf oL
Mt 3’7,61; p2luz| up — e p2p2,iugus, P2t EI

k
= —ap2usy.

Substituting the formulas obtained above into (2.9) and using the definition of L, we finally have

_ 3 ) 2 6W |u1|2 aW
&= 5 ( prluil® + = p2|u2| +W-w 5 )+d1v(p1u ( 5 + 3,01)
jug)®2 oW ow _
+ pa2uz ( 5 +_6p ) (u2®u2——u1®u1)< S >) = 0. (2.12)

Here the operation A(b) denotes multiplication of the tensor A by the vector b.
The equations of motion of the phases are obtained by a standard method. We consider the expression

e~ (2 () + 2 (22)) =0

Direct calculations lead to the equation

gi(proim + ) + g ((voim + ) o) + (s + ) o~ gl (%52) =0

Since from the relation L,,1 = 0 it follows that

we obtain the following equation for u;:

6u1m+ o fa;;z,_i_gt(aw) ] (aw k)+aw dut laa (aw) 0

P1 754 dw™ 5zk \Guwm "1 duw* 9z ap
This equation in vector form is written as
ou, o ow
P1 (— + (ug - V)u1> —=—=div(i®u;) - Vu (l) + p1V( ) = 0. (2.13)
a at an
Here

. BW 6u1 *
i=-3% Yu= (a—x)

(the superscript asterisk denotes conjugate mapping).
Similarly, for the second phase, we obtain

au2m+ k Ouzm g_(aW)__ea_(aWuk)_a_wgﬁ+ _6_(8W) 0
P25 TP T 5i \Bwm /) T 0zF \Gwm 2) T Buk dzm * P 5zm \Gp, ’
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or in vector form

Ouz o ow
( 5 (uz - V)u2> + 3 + div(i®uz) + Vuy (i) + pZV(am) = 0. (2.14)

We finally write the conservation laws (2.2), (2.11), and (2.12) as the system

dp1
5 + div(piu;) =0, 2—- + div(pauz) = 0,

at
g aw W ow
5 (prug +P2l12)+d1V( 1u1 Quy + p2u2 @uz — -5—®W+I(p1 6 +p2— EP W)> =0,
9 2 ow IU1I2 ow
at( Pl|“1| + 3 P2|U2| + W~ Wa )+d1v(pu( 5 +5E)
fup)? oW

+ p2 U2(——2-+-a—-;-) —(u2®u, —u1®u1)<g—g>) =0.

From (2.12), in particular, it follows that the definition of the variational principle irr the form (1.4) gives a
correct definition of the total energy of the system:

E= _pllull + - P2lu2! +U(p1,p2,2) U(PI;PZJ') =W-w, i= _aa_[:’/‘

Let U(p1, p2,1) satisfy the condition of thermodynamic stability of the medium.

Condition S: The function U(p1, p2,1) is a convez function of its variables.

As a consequence, W(py, p2,w) is convex with respect to the variables p; and p; and concave with
respect to the variable w.

System of Equations for Plane Waves. In the one-dimensional case, the system of conservation laws (2.2),
(2.11), and (2.12) is closed if the internal energy of the medium is specified. We investigate the type of this
system. We designate u} = uy, ul = uz, ! = z, and w = u — uy; the subscript ¢ corresponds to d/3dt and
the subscript z corresponds to 3/9z.

We adopt a simplifying assumption on the form of the internal energy U(py, p2,1).

Condition A: The function U(p1, p2,1) has the form

. 12 aw?
Ulp1, p2,%) = e(p1,p2) + 5= = €(p1,p2) + —
2a 2
(a is a positive constant).
From condition A it follows that 9
aw
W =elp1,02) = ——
Then, from (2.13) and (2.14) we have
diu diw
P —:—i?l— —-a —;t— — 2awuyz + p1(€1): = 0; (2.15)
dau dyw
P2 '—3't—2 + % + 2awu21 + P2(62)z = 0, (2.16)

where ¢; = 9¢/dp;.
Thus, with allowance for (2.15) and (2.16), the desired equations for one-dimensional motions with
plane waves take the form

pit+uipiz +uizp1 =0,  par -+ uzpar + u2p2 =0,
p1(u1e + ujugz) — ‘;(wt + ujw;) — 2awuye + p1(€11p1z + €12p2:) = 0, (2.17)
p2(uat + uguzz) + a(wy + uawz) + 2awugs + pa(e12p1z + €22p2:) = 0,
where ¢;; = 8% /8pi0p;.
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Hyperbolicity of the Equations of Motion of Two-Velocity Homogeneous Media. System (2.17) can be
written in matrix form

Au; + Bu; = 0,
where
1 0 0 0
B . o1 o 0
u—(p1,p2,U.1,‘U,2) } A= 0 0 Pl+a —a )
00 =—-a p2+a
uy 0 P 0
B = 0 ug 0 P2
pienn pre1z (p1+ 3a)uy — 2auy —auy
p2E12  P2ER2 —~auy (p2 + 3a)uz — 2au;
It is easy to compute that
10 0 0 ui 0 p O
- 01 0 0 - 0 u 0 p
A l= — 1 — 2
0 0 (p2+a)/s afé ’ C=4a"8 my; miz dn diz |’
00 a/é (p1 +a)/é mg1 moy dyy dp
where
§=(pr+a){p2+a)—a’>0,
+a a +a a
My, = B-l-(pz——)-eu + —&612, My = M——)-Elz + ﬁezz,
é é é )
a +4+a +a
mop = '£l€11 + £2(L-—)Elz, mog = a_plen + Eg-(ﬂ-——')'ezz,
) § § §
3
diy = up — (p2 + a)(gl + a)w, dip = a(p2 +63a)w’
a(p1 + 3a)w +a + 3a)w
dyy = HP1 - LT (. )(2’2 Jw

The eigenvalues of the matrix C are determined by solving the equation det |C — AI| = 0. We consider
a simplified form of the corresponding fourth-order polynomial in the variable A obtained by linearization

of the system in a neighborhood of the point ul = uJ, pJ, pJ. Without loss of generality, we assume that
0

u) = u} = 0 (below, the superscript 0 is omitted). Since d;; vanishes in the linearization, the polynomial takes
the form
At — X%(pamaz + p1mir) + pr1pa(miimaz — maymya) = 0. (2.18)
To confirm that all roots of Eq. (2.18) are real, it suffices to verify that
pamaz + prma1 >0,  mnpmy —maimyz >0,
(p2maz + prmu1)? — 4p1p2(maimaz — marmiz) > 0.

The first inequality is verified directly:

2 2 2 2
ap1p2 2°(p1ta ap1p2 1°(p2ta 1P2°€22+p2p17°€11
pamgz+pimyy = pap 612+p (pé_ )622+ psp €12+p (/:5 )611 = £1P 5

where (ep, p) denotes the positive definite quadratic form

+ %(6/1,/)) >0,

(ep,p) = en1p1® + 2e12p1p2 + £22p2°.
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The second inequality is also verified by direct calculations:

+a ap; a 9 +a
miymao2 — myamz; = (Mm&__) e+ —2—1612) (-5&-612 + ml&—-)-ffu)
p1(p2 + a) ap2 ) (ﬂ p2(p1 +a) )
( 5 2+ 5 £3 5 en + 5 €12
prpa(pr +a)(p2+a) a’pips a’pips  p1p2(p1 + a)(p2 +a p1p2
= ( 52) T T2 )5 1522+( Zzp - ( 52)( )) eh = 5 (€n1ez2 —€fy) > 0.
And, finally,
(pamaz + prm11)? — 4p1p2(miimaz — marmyz)
2 2 2 2.2
1P2°€22 + p2p1°€ a 4
= (p P 3 P21 F11 3 (prle11 + 2p1p2612 + p22€22)) - p15p2 (e11622 — €%))
2 2 2
p1°p2 ( a 2 (ep, p) 2
= — ep,p)° + 20( p2€22 + pren) — 2(p1 + p2)(eneaz — ¢ )
§ P12P22 ( ) p1p ( 12)

+ (p2e22 + pren)? — 4p1pa(enren — 612)) o ;2 f(a),

where f(a) denotes the second-order polynomial in a

€p,
fla) = _pif’;ﬁl_ + (pae22 + pren)? — dp1pa(enieae — €35)
2a(ep, 2(p1 + 11622 — €3
4 2a(zp:0) (p2622+p1611 _ 2(p1 + p2)p1p2(E11622 12))
p1p2 (0, p)
a(e 2(p1 + €11€22 — €35)\2
- ( (€228) |\ rers + prens — 2L F PR)1P2(EN1ER: 12))
P1p2 (e, pP)
+ 4(p1 + p2)p1p2(pren + paeaz)(enneaz — €,)
(epsp)
4(p1 + p2) ;1% pa®(en1eaz — €3,)° 2
- —4 —e2).
o o) p1p2(enéz — €13)

If the function g(p1p2) = 4((p1+ p2)(p1611+ p2e22) (€0, ) — (€p, P)* — P1P2(P1 + P2)° (611622 —efo))p1pa(enens—
€2,)/(ep, p)? is nonnegative for all py,p3 > 0, then f(a) is nonnegatlve for all @ > 0. The latter is proved by
the following calculation. We designate z = p; /pz. Then, —(£112% + 26122 + 622)2 —2(1 4 2)X(e1622 — €2,) +
(14 z)(enz + en)(e112? + 26122 + €22) = z(e12 — €22 + €112 — €122)? 2 0 for z > 0. Thus, g(p1, p2) > 0. This
implies that our system is hyperbolic for all a 2> 0.

3. Variational Approach to Describing Two-Velocity Heterogeneous Incompressible
Media. Let us derive equations of motion for a heterogeneous two-velocity medium. The components of the
medium are assumed to be incompressible. In the adopted adiabatic approximation there is no dependence
on entropy.

Variational Principle and Conservation Laws. For the case of incompressible moving media composing
a heterogeneous two-velocity medium, there is one more constraint, which corresponds to the condition of
compatible deformation of the two components. We introduce the volumetric concentrations of the components

= p1/p1 and ay = p2/p2 by expressing the partial densities of the two components in terms of the physical
densities p; and p2, which are constant by virtue of the incompressibility of the moving media. It is necessary
to note that the change in density p can be due only to a change in the ratio components 1 and 2 in a unit
volume of the two-velocity medium. Then, the additivity of mass leads to the following additional constraint

on the volumetric concentrations:
a;+az =1. (3.1)
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In the formulation of the variational principle, the presence of constraint (3.1) is taken into account
like conditions (2.2) and (2.3) using the Lagrange multiplier v

2
1ju1 u
sff (p I2 | +p2[22’ = W(p1, o2, IW1) = pr(@1e+uiprk) — palioar + usp2s) + (e +az—1)> dx dt = 0.
HR™

In what follows, it is more convenient to use the variables p; and p2 rather than «; and a;. Finally.

the Lagrangian takes the form

[ - lul? | polul?

1 2
5t~ W (p1, p2, IW]) — pa(1e + u¥eo1 1) — palpat + uspa x) + 7(%; + %; - 1). (3.2)

Converting (3.2) to the Lagrangian variables £° and 5® given by relations (2.5), we find that the
Lagrangian L is a function of the variables p1, p2, &, {5, n, 71,51;, P1t, PLE> P2t, P2k, and 7.

Variation over the Lagrange multipliers 1, 2, and + gives constraints (2.2) and (3.1) imposed on the
system:

_ 6L apl _ 6L apz _éL
L‘Pl = 5901 6t + div (p1u1) va_&pz at + le(pzl]z) L-,:ﬂ =a; +az — 1.
The variations over the partial densities p; and p2 have the form
§L |u1|2 aw k vy 6L IU2|2 ow k Y
Ly=—="—-———0pu- -, Ly=—="—"-— - - —
17 §py 2 dp Pu = teLE f 27 6p2 2 Op2 ot~ uppak + p2
and allow one to determine the total derivatives of the Lagrange multipliers:
dip1 _wmf?P W o
5 —eut ufiorp = 2 " 3 + P (3.3)
) w22 OW  «
=220 41 4
g Sputu u§ork = 5 B + 7 (3.4)

Using the Lagrange function (3.2), it is possible to introduce a pressure p according to the thermodynamic

definition of pressure. Indeed, summing up relations (3.3) and (3.4), multiplied by p; and p2, respectively, we
have

ow ow
p=L=—y- W+p15—+pz i

where 4 determines the correction to the pressure due to the condition of compatibility of the components.
To obtain the law of conservation of momentum, we deduce an expression similar to (2.8). It
characterizes the uniformity of space and has the form of a conservation law:

(3.5)

= Pl,kLp1 + P2,kLpg + 1 kLm + <P2,kL¢2 + fﬁ;La + 77,bkLb + ’Y,IcL'y

__a_(_aaL y 9L o _,,, o)
= It .k aga ’71: a b — Pk a‘P]t Y2,k a<p2t
5 G OL _OL oL oL .

The partial derivatives in (3.6) are found with allowance for relations (2.5):
) ow _ aw
—f,k a—g = f,kx,a (Pl”lm + Jom Pl‘Pl,m> = prugg + Jok P1¥1,k,

aL ow aw
€% e = N (ﬂluln toa T Pl‘Pl,n) = pruku]’ + g ul’ — Prp1 el -
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Similarly,

y OL aw oL
— — = OoUg} — —F — - ——
7k 6775’ p2uzk Juk P292,k» Y1,k Fone ¥1,kP1,
oy 0L m OW m oL
Nk r’lf’m pP2uzLy Dk Uy — p2prkUs, ¥2.k Bom $2,kP25
o oL - oL o
—P1,k = P1P1,kY] —p2, = rug.
1 aﬂol,m P1¥1,kUy P2,k a‘P2,m P292,kUo
As a result, the law of conservation of momentum (3.6) takes the form
djx , 0 ow
%t T 5om (P:uw% + paugpuy — iy L5i“) =0. (3.7

The energy conservation law reflecting the uniformity of space is described by the expression —€ =
ltLp, + patLp, + 10l + w2tlypy + € La + nbe + 'ytL.,, which also has divergent form

oL ,0L oL oL oL oL oL oL
= ot (gt o¢¢ +m on} Ete o Tz X L) B2k (ft a8, + 0 ok, b + Pt Bors + w2t 3992,1;)' (3.8)

Calculation of the partial derivatives in (3.8) gives the energy conservation law in obvious form. We
have

oL oW oL
& 5{;"- = P1|“1|2 + W“f - Pl‘Pl.kuf, it 5;—' = =1,
,,QI_J__ ‘ulz_awuk_ o oL _

T an p2iu2 Tk U2 T P22k, Y2t _3(p2¢ = —p2p2,

& Eﬁ = piluif’uj + — e uluf — pro1muful, o1t Bors = —prpreut,
aL ow oL
b — 2k _ m k_ m. k - _ k
Tt 617‘6]; P2|u2| Ug ——awm Ug Ug — P2P2,mU9 Ug, Pt atpg'k P2P2UUy.
Hence,
0 p1jw? pzll12|2) d w2 oW
&= 6t(U+ 7 T3 +az'=(’”‘( 2 +'5;1')

w2 8w\ ow ,
+ oo (B2 4 2 4 P (uud — uad) ~ sk + en)) = 0.

Expressing v in terms of the known thermodynamic functions (3.5), we obtain the energy conservation
law for a two-velocity medium with incompressible components:

8E @ lm2 oW [uz|? oW
E azk(” ( 2 om )+”2“2( 2 +ap2)
a aw ow
t 5o (uf'uf — ug'up) + (P+ W—p1— om "o, )(01"1 + 012“2)) 0. (3.9)

The system of conservation laws for a two-velocity heterogeneous incompressible medium (2.2), (3.7),
and (3.9) is written in vector form

O0p2
v + div(pauz) =0,

a .
—éptl +div(pyu;) =0, 3t

a ) ow
E(Plul + p2uy) +d1v(p1u1 ®uy + p2uz ®uy — —5—W-®W + Ip) =0,
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0 1 2 1 2 ow R IU]|2 ow (IUQIZ M)
5 (2 p1luil +§p2|uz| +W-w aw) +d1v(p,u1< 5+ Bpl) +ppuz( —— + 7y
ow ow oW
—(u2®u2 -— L\1®U1)< EV-> - (p+ W el )| %—pg 6—m)(a1u1 +C12112)> = (.

System of Equations for Plane Waves. To study the problem of the stability of the medium described, we
examine the propagation of plane waves in an one-dimensional approximation. As a simplifying condition we
assume that the internal energy is a quadratic function of the relative velocity of the components (condition A)
U = e(p1,p2) + aw?/2 and W = g(py, p2) — aw?/2, where a is a positive constant.

For incompressible media, p; and p; are not independent functions: p; = pr1a and p2 = j(l — @),
where a =) and a2 =1 — a. As a consequence, the thermodynamic system is a two-parameter system:

dU = Zda + awdw,  Z=Z(a) = (6%) bi - (%) . (3.10)

In what follows, we restrict ourselves to the one-dimensional case of system (2.2), (3.7), and (3.9).

Within the framework of the adopted assumptions, the laws of conservation of mass (2.2) reduces, by virtue
of the geometrical relation (3.1), to the form

at + (aup)z = 0; (3.11)
(aug + (1 — a)uz); =0. (3.12)

From Eq. (3.12) it follows that value of the expression au; + (1 — a)u; does not depend on z. Assuming that
the sources of mass are absent at infinity, we set

auy + (1 — ajuz = 0. (3.13)
Then, Eq. (3.11) and the energy conservation law form the independent subsystem

ot + (au1): =0,

2 2 2 2
u %) + (o (% ?_VK) (2 ?_VK> 3-u)) =
Ut + (Pl 2 ):+ (pz 5 :+ prur 5+ EP +prua 5 + 32 + aw(u; — uy) . 0
with additional constraint (3.13).
From condition (3.13), it follows that

uy=—(l-aw, w=ow, w=uz—u. (3.14)
Using (3.14), we arrive at the following system of two equations for the variables a and w:

at— (a(l — a)w); = 0; (3.15)

2w L w? 3

Zoyg + awws + (ﬁla(l —a) - + p2a®(1 — ) -5—) - (a(l - 20)w )
t z

w? w?
—(p‘la(l —a)3—2——ﬁ2a3(1—a)-—2—+a(1 —a)wZ) =0 (3.16)
x

[the function Z is introduced in (3.10)].
System (3.15) and (3.16) is equivalent to the equations

at—a(l —a)w; — (1 —20)way =0; (3.17)
(h1(1 — @) + pra + &) we + (b2 — pr)w e + (—p1(1 = @) + pae’
—-3a(1 — 2a))wws + (= Za + (51(1 — @) + p2a + 28)w?) az =0, (3.18)
where @ = a/a(l — a) and Zy = 0Z/0a. Solving Eqgs. (3.17) and (3.18) for the time derivatives, we finally
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obtain

ot —afl —a)wy — (1 ~20)wa; =0; (3.19)
Za
A
where A = p1(1 — a) + p2a + a/a(l ~ a). We note that A > 0 for all values 1 > a > 0 and a > 0.

Hyperbolicity of the Equations of Motion of Two-Velocity Heterogeneous Media. System (3.19) and (3.20)
can be written in matrix form

| . . 1, . .
a = 7 (Al =) = pra+3a(l = 20)) wws + 5 (Pre + fo(l - @) + 2a) w? a; =0, (3.20)

wy —

- = _ t _{ a1 a2
u; — Au; =0, u = (a,w)", A= ( a2 az ) , (3.21)
where
11, o
an = (1 - 2a)w, a1 =KZa—Z(p1a+p2(1—-a)+2a)w ,

1, o N
aiz =o:(1 —a), az = —A-(p1(1 —a)—p2a+3a(1 —2a))w.
The eigenvalues of the matrix A are determined from the equation det |A — A\]| = 0:

A% — (a11 + az2)A — (012021 - auazz) =0. (3.22)
For roots of Eq. (3.22) to be real, it is necessary that the discriminant
D = (an + a22)* + 4(a12a21 — a110a22) = (a11 — a22)? + darzaz

be positive. In D we separate terms that depend on the relative velocity:
2
D=4 9‘—(15‘—3) Zat455 D,
1 -6l —a)
ofl - a)
From (3.23) it follows that in the absence of the relative velocity, system (3.21) is hyperbolic. Indeed, the
condition of hyperbolicity reduces to the condition of positiveness of the expression

(3.23)

D=a(l- a)(&2 — 3ap1a — 3app(1 — @) — ,51,32).

3Z _ 62U _ a2 - a A2
(6_a) = (-5-(;-) = enpy — 2e12p1p2 + €22p2 > 0,
which corresponds to the condition of thermodynamic stability of the material.

Generally, the condition of hyperbolicity of system (3.21) has the form

8z w? D
(—a—;) N a(l-a)’

If D > 0, discriminant (3.23) is positive. We consider the expression a?(1 — a)?D. The condition of
positiveness of D is equivalent to the positiveness of the second-order polynomial in a: h(a) = pa®—ga—r > 0,
where p = 1 — 6a(l — @), ¢ = 3a%(1 — a)?(p1a + p2(1 — a@)) > 0, and r = p1p2a3(1 — @)® > 0.

For each fixed a > 0, there is apparently a region of volumetric concentrations « (in a small
neighborhood of values o = 0 and o = 1) for which k(a) is positive, and, hence, system (3.21) is hyperbolic.
When a belongs to the interval [1/2 —1/(2+/3),1/2 + 1/(2v/3)], the function h(a) is negative (p < 0) and the
model ceases to be hyperbolic for a great velocity difference.

Conclusion. A generalized Hamilton variational principle of the mechanics of two-velocity media is
proposed. A Lagrange function is constructed as the difference between the kinetic energy of an element
of the medium and the thermodynamic potential, which is the conjugate of internal energy with respect to
hydrodynamic variables. This definition of a Lagrangian is general for media whose internal energy depends
on thermodynamic variables having the sense of time derivatives.
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The generalized Hamilton variational principle was used to formulate the equations of motion of
homogeneous and heterogeneous two-velocity continua. Divergent laws of conservation of the total momentum
and total energy of the medium are deduced.

It is proved that the convexity of the internal energy ensures the hyperbolicity of the one-dimensional
plane-wave flow equations linearized for the state of rest. Thus, the internal energy is a function of both the
phase densities and the modulus of the phase-velocity difference.

It is proved that the dependence of the internal energy on the modulus of the relative velocity ensures
that the equations of heterogeneous media with incompressible components are hyperbolic for low volumetric
concentrations of the phases and any relative velocity of motion of the phases.

This work was supported by the Russian Foundation for Fundamental Research (Grant No. 96-01-
01641a).
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